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Some physical objects are hardly accessible to direct experimentation. It is then desirable to infer
their properties based solely on the interactions they have with systems over which we have control.
In this spirit, here we introduce schemes for assessing the non-classicality of the inaccessible objects
as characterised by quantum discord. We consider two probes individually interacting with the
inaccessible object, but not with each other. The schemes are based on monitoring entanglement
dynamics between the probes. Our method is robust and experimentally friendly as it allows the
probes and the object to be open systems, makes no assumptions about the initial state, dimension-
ality of involved Hilbert spaces and details of the probe-object Hamiltonian. We apply our scheme
to a membrane-in-the-middle optomechanical system, to detect system-environment correlations
in open system dynamics as well as non-classicality of the environment, and we foresee potential
benefits for the inference of the non-classical nature of gravity.

What should be known about an inaccessible object
to conclude that it is “not classical”? Here we show,
inspired by quantum communication scenarios, that it is
sufficient to verify whether such object can be used to
increase quantum entanglement between remote probe-
particles that individually interact with it, but are not
directly coupled to each other.

Specifically, we prove that such gain in quantum en-
tanglement is only possible if, during its evolution, the
object shares with the probes quantum correlations in
the form of quantum discord [1–5]. In turn, the presence
of quantum discord between the probes and the object
entails a non-classical feature of the object itself. Accord-
ing to the definition of discord, two or more subsystems
share quantum correlations if there is no von Neumann
measurement on one of them that keeps the total state
unchanged. This can only happen when non-orthogonal
(indistinguishable) states are involved in the description
of the physical configuration of the measured subsystem.
This indistinguishability is the non-classical feature that
we aim to detect. We formulate analytical criteria reveal-
ing such non-classicality based on operations performed
only on the probes, and without any detailed modelling
of the inaccessible object in question.

We emphasise that the non-classicality is revealed un-
der a set of minimal assumptions. Namely: (i) The object
may remain inaccessible at all times, i.e. it needs not be
directly measured. In particular its quantum state and
Hilbert space dimension can remain unknown throughout
the whole assessment. Our method is thus valid when the
object is an elementary system or an arbitrarily complex
one; (ii) The details of the interaction between the object
and the probes may also remain unspecified; (iii) Every
party can be open to its own local environment. These
properties make our method applicable to a large number
of experimentally relevant situations.

We demonstrate the revealing power of our criteria for
non-classicality through the study of an optomechanical
system, which is a platform of enormous experimental
interest. This is clearly not the only situation that can
benefit from the results of our investigation. We conclude
the paper with a discussion of a set of physical problems,
from the revelation of system-environment correlations
in open system dynamics to the quest for the possible
quantum nature of gravity, that would be fully suited to
the framework presented here.

The formal criteria. Consider the scenario depicted in
Fig. 1. System C is assumed to be the inaccessible ob-
ject and to mediate the interaction between two remote
probes, labeled A and B. Therefore, from now on, we
refer to system C as the mediator. It is essential for our
method that the probes are not directly coupled and only
interact via the mediator. Therefore, the Hamiltonian for
the process under scrutiny can be written as HAC+HBC ,
with HJC the interaction Hamiltonian between the me-
diator C and probe J = A,B. Our work is developed in
the context of entanglement distribution with continuous
interactions [6]. We first focus on the partition A : BC

FIG. 1. Probes A and B individually interact with a mediator
object C, but not with each other. We allow C to be inac-
cessible, i.e. no measurement can be performed on it and its
state may remain unknown. We show conditions under which
the gain of entanglement in AB implies non-zero quantum
discord DAB|C . Our protocols make no assumptions about
the dimensions of each subsystem, explicit form of HAC and
HBC , and allow each subsystem to be open to its own envi-
ronment (represented by grey-colored shadows).
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and demonstrate a result which will be instrumental to
design our criteria for the inference of non-classicality of
C based on entanglement dynamics in AB only. Previous
studies on the resources allowing for entanglement distri-
bution showed that any three-body density matrix, i.e.
the state of ABC at any time t in the present context,
satisfies the inequality [7, 8]:

|EA:BC(t)− EAC:B(t)| ≤ DAB|C(t). (1)

Here EX:Y is the relative entropy of entanglement in
the partition X : Y [9], and DX|Y is the relative en-
tropy of discord [10], also known as the one-way quan-
tum deficit [11]. Note that relative entropy of discord is
in general not symmetric, i.e. DX|Y 6= DY |X . Eq. (1)
shows that the change in entanglement due to the relo-
cation of C is bounded by the quantum discord carried
by it.

Let us start from the simple case where the overall
probes-mediator system is closed (which allows us to ig-
nore for now the grey-colored shadows in Fig. 1). If the
interaction Hamiltonians HJC satisfy [HAC , HBC ] = 0,
the evolution operator from the initial time t = 0 to
some finite time τ is just U = UBCUAC , where UJC =
exp (−iHJCτ) and we set ~ = 1. This situation is equiv-
alent to first interacting C with A and then C with B (or
in reversed order). However, note that the density ma-

trix ρ′ = UACρ0U
†
AC obtained by “evolving” the initial

state through UAC only does not describe the state of the
system at τ . Nevertheless, we now show the relevance of
the properties of state ρ′ for entanglement gain.

Consider the following forms of Eq. (1) written for the
initial state ρ0 and the instrumental state ρ′, respectively

EAC:B(0)− EA:BC(0) ≤ DAB|C(0),

E′A:BC − E′AC:B ≤ D′AB|C .
(2)

Note that EAC:B(0) = E′AC:B , because UAC is local in
this partition. The state at time τ is given by ρτ =
UBCρ

′U†BC , and thus EA:BC(τ) = E′A:BC , this time ow-
ing to UBC being local. Summing the above inequalities
we obtain a bound on the entanglement gain

EA:BC(τ)− EA:BC(0) ≤ DAB|C(0) +D′AB|C . (3)

This opens up the possibility to create entanglement at
time τ without producing discord at both t = 0 and τ ,
but rather by utilising non-classicality in the instrumen-
tal state. In other words, the gain of entanglement in
A : BC could be mediated by object C, which gets non-
classically correlated by UAC and then decorrelated by
UBC . Therefore, C is only classically correlated at times
t = 0 and τ . We now give a concrete example of this
type of entanglement creation.

Consider the interaction Hamiltonian

H = σxA ⊗ 11⊗ σxC + 11⊗ σxB ⊗ σxC , (4)

where σj (j = x, y, z) is the Pauli-j matrix. As initial
state we choose the classically correlated state

ρ0 = 1
2 |011〉〈011|+ 1

2 |100〉〈100|, (5)

where e.g. σz|0〉 = |0〉. One can now readily check that
the relative entropy of entanglement EA:BC grows from 0
to 1 in the timespan from t = 0 to τ = π/4, whereas dis-
cord DAB|C remains zero at these two times. The gain is
indeed due to non-classical correlations of the instrumen-
tal state: applying only UAC for a time τ = π/4 produces
discord D′AB|C = 1.

For general non-commuting interaction Hamiltonians,
one can pursue a similar analysis with the help of the
Suzuki-Trotter expansion. The evolution operator U is
now discretised into short-time interactions of C with A
and then B (or the reversed order) as

U = lim
n→∞

(
e−iHBC∆te−iHAC∆t

)n
, (6)

where ∆t = τ/n → 0. Accordingly, Eq. (3) holds with
τ replaced by ∆t. It is now natural to ask if a scenario
exists where entanglement could be increased via interac-
tions with a classical C at all times by exploiting the dis-
cord in the instrumental state. The example given above
is not of this sort because, although we have DAB|C = 0
at t = 0 and τ , it is non-zero for t ∈ (0, τ). It turns
out that, for short evolution times, the discord of the
instrumental state cannot be exploited as the following
Theorem demonstrates.

Theorem. For three open systems A, B, C with Hamil-
tonian H = HAC + HBC and each coupled to its own
local environment, the entanglement satisfies the condi-
tion EA:BC(τ) ≤ EA:BC(0) if DAB|C(t) = 0 at any time
t ∈ [0, τ ].

Proof. The proof is presented in Appendix A.

We emphasise the generality of this Theorem, where
both mediator and probes are open to their own local en-
vironments. This matches a large number of experimen-
tally relevant situations, some of them being addressed
in the last part of this paper. The setup where A, B, and
C are closed systems is then a special case of the The-
orem above in which we have EA:BC(τ) = EA:BC(0) if
DAB|C(t) = 0 (see Appendix A). Such Theorem extends
the monotonicity of entanglement under local operations
and classical communication (LOCC) [12] to the case of
continuous interactions. In general, zero-discord states
are good models for classical communication as they al-
low for continuous projective measurements on C that do
not disturb the whole multipartite state.

We are now in a position to study the presence of dis-
cord DAB|C from observing AB only. In light of the
Theorem above, a promising candidate for this goal is
the entanglement gain. However, we now show that some
features of the initial tripartite state need to be ensured,
but they can be guaranteed by only operating on AB.
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Let us consider Eq. (4) and choose the initial state

ρ0 = 1
2 |ψ+〉 〈ψ+| ⊗ |+〉 〈+|+ 1

2 |φ+〉 〈φ+| ⊗ |−〉 〈−| , (7)

where σx |±〉 = ±|±〉, and |ψ+〉 = 1√
2
(|01〉 + |10〉) and

|φ+〉 = 1√
2
(|00〉 + |11〉) are two Bell states between sub-

systems AB. As the initial state in Eq. (7) contains the
eigenstates of HC , the system remains classical, as mea-
sured on C, at all times. Furthermore, the classical basis
is the same at all times. Yet, one can verify that the rela-
tive entropy of entanglement between the probes is given
by EA:B(t) = 1− SAB(t), where SAB(t) is the von Neu-
mann entropy of the AB state at time t, and oscillates
between 0 and 1. Hence, in general, entanglement gain in
the partition A : B does not signify the non-classicality
of C (non-zero DAB|C).

Similar considerations have been presented in Ref. [13]
to provide a counter-example of the impossibility of en-
tanglement gain via LOCC. However, the partition A :
BC is entangled already from the beginning (in our ex-
ample we have EA:BC = 1). The subsequent evolution
only localises such entanglement to the A : B parti-
tion. This example emphasises that the ancillary par-
ticles within the framework of LOCC, here C, are not
allowed to be initially correlated with the principal sys-
tem, here AB, even if the correlations are classical.

Furthermore, the only way of gaining entanglement
in subsystem AB via classical C is to localise it from
the already present entanglement in A : BC. This is
a consequence of our Theorem and reinforces its role as
a proper generalisation of the monotonicity of entangle-
ment to continuous interactions. Namely,

EA:B(τ) ≤ EA:BC(τ) ≤ EA:BC(0). (8)

Now, if we ensure by operating on the probes only that
the initial entanglements coincide, i.e. EA:BC(0) =
EA:B(0), entanglement gain in system AB is only pos-
sible due to non-zero discord DAB|C . As we are in-
terested in observing entanglement gain, it is natural
to start with as small entanglement as possible. This
leads us to propose the application of an entanglement-
breaking channel to one of the available systems, at time
t = 0. Indeed, after application of the channel, we have
EA:B(0) = EA:BC(0) = 0. In a more concrete example,
the channel is a von Neumann measurement. An arbi-
trary measurement is allowed and experimentalist should
choose the one having potential for biggest entanglement
gain. Note that the measurement results need not be
known. Our main detection method is illustrated and
summarised in Fig. 2. We stress that entanglement es-
timation in step (iii) can be realised with entanglement
witnesses [14, 15], rendering state tomography unneces-
sary. (See Appendix B for a criterion based on com-
parison between entanglement and initial purities of the
probes.)

FIG. 2. Proposed protocol detecting non-classicality of inac-
cessible object C. Each system A, B, and C can be open sys-
tem, with its own local environment. The protocol makes no
assumptions about the initial tripartite state and the explicit
expression for the Hamiltonian HAC +HBC , and has the fol-
lowing steps: (i) von Neumann measurement in subsystem A
(or any entanglement-breaking channel); (ii) evolution of the
whole ABC; (iii) entanglement estimation of AB. We show
in the main text that nonzero entanglement reveals positive
discord DAB|C .

Optomechanics. We address now the practical implica-
tions of our criteria for scenarios of current technological
relevance. In particular, we consider experiments of cav-
ity optomechanics [16] as the paradigm of an open meso-
scopic quantum system for which the criteria identified
above hold the potential to be practically significant. In
fact, one of the goals of optomechanics is to infer the
non-classicality of the state of a massive mechanical sys-
tem without affecting its (in general fragile) state. A
possible setting for such a task is given by a so-called
membrane-in-the-middle configuration, where a mechan-
ical oscillator (a membrane) is suspended at the centre of
a two-sided optical cavity [17]. By driving the cavity with
laser fields from both its input mirrors, respectively, we
realise a situation completely analogous to that in Fig. 1
(cf. Fig. 3). We now show that our scheme detects non-
classicality of the membrane without measuring it.

The interaction Hamiltonian for the setup in Fig. 3
reads [17]

Hint = −~G0a a
†a q + ~G0b b

†b q. (9)

This is complemented by local terms affecting each sub-

FIG. 3. Optomechanics setup. The mechanical membrane
c is mediating interaction between driven cavity fields a and
b. The membrane is interacting with its local environment
at temperature T resulting in the Brownian motion and the
fields are independently interacting with their respective driv-
ing lasers through the fixed mirrors.
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FIG. 4. Exemplary dynamics of entanglement (logarithmic
negativity) Ea:b and Eab:c for experimentally viable parame-
ters. Mass of membrane 145 ng with damping rate 2π × 140
Hz, temperature 0.3 K, length of each cavity 25 mm with fi-
nesse 1.4 × 104, and wavelength of both lasers is 1064 nm.
Here we fixed Pa = 100 mW, ∆a = ωc, and ∆b = −ωc,
where ωc = 2π × 947 kHz is the natural frequency of the
membrane. We vary Pb = 20 mW (green), 40 mW (blue), 60
mW (red), and 80 mW (black). Pa(b) stands for the power of
the left (right) laser, and ∆a(b) is its effective detuning (see
Appendix C for detailed calculations). Note that non-zero
entanglement between the fields implies that the membrane
is entangled with them in the process.

system individually (cf. Appendix C). Here a and b are
the annihilation operators for the respective fields, q is
the dimensionless position-like quadrature of the mem-
brane, and G0a(b) represents the strength of the coupling
between field a (b) and the membrane. All the other
interactions are local, i.e. a (b) is coupled to its own en-
vironment a′ (b′) and c is coupled to its thermal phonon
reservoir c′, responsible for the Brownian motion of the
membrane. Thus, our Theorem directly applies here and
we can implement the detection method of Fig. 2.

In order to independently confirm the non-classicality
of the membrane and demonstrate that there is consid-
erable entanglement to be detected we now calculate the
ensuing entanglement dynamics. We choose the logarith-
mic negativity to quantify entanglement. Starting from
the experimentally natural state where c is in a ther-
mal state and a and b are coherent states, we calculate
the dynamics of Ea:b and Eab:c. As initially there is no
entanglement, the first step in Fig. 2 can be omitted.
The results of our analysis are presented in Fig. 4 for
varying power of the right laser. The parameters used
in our simulations all adhere to present-day technology
[18]. We see that non-zero Ea:b(τ) is always accompanied
by non-zero Eab:c at some time (0, τ). Note that entan-
glement is a stronger type of quantum correlations than
discord. We have also performed similar calculations by
varying the power of the left laser as well as the frequen-
cies of the lasers within experimentally accessible ranges
and observed consistent results (see Appendix C).

System-environment correlations. As a second relevant
application of our study, let us consider again a closed-
system dynamics and, in line with the assumed inacces-
sibility of the mediator, focus the attention to the probes
only. We could thus think of C as an environment in

contact with the open system AB. A vast body of litera-
ture exists on the study of the influence of initial system-
environment correlations (SECs) on the evolution of the
open system [19]. Proposals for the detection of SECs
based on monitoring the dynamics of distinguishability
[20–24] or purity [25, 26] of the open system have been
put forward. Such proposals have been implemented ex-
perimentally by means of quantum tomography [27, 28].
Moreover, the possible non-classical nature of SECs was
linked to the impossibility of describing the evolution of
an open system through completely positive maps [29].
Hence detection schemes of quantum discord in the initial
system-environment state have been proposed [30, 31]
and recently assessed experimentally [32–34].

Our scheme of Fig. 2 can also be used to reveal SECs,
with the advantage that state tomography is not neces-
sary. This is achieved by dividing the open system into
A and B parts and monitoring the presence of entan-
glement between them. If one is only interested in the
detection of correlations between AB and C, regardless
of whether they are classical or not, the entanglement-
breaking channel in Fig. 2 can be omitted. Indeed, for
the initially uncorrelated state ρ0 = ρAB ⊗ ρC , we have
EA:BC(ρAB ⊗ ρC) = EA:B(ρAB), and no entanglement
gain in AB is possible via classical C. Therefore, if one
observes a gain, it would either be ρ0 6= ρAB ⊗ ρC or
DAB|C > 0 at some time. Both cases show correla-
tions between AB and C. Finally, we note that previous
schemes detect the non-classicality of the system [30, 31],
i.e. presence of DC|AB , whereas our schemes ascertain
the non-classicality of the environment, DAB|C , which is
perhaps a prime example of an inaccessible object.

Other applications. A similar analysis can be done for
remote quantum dots in a solid-state substrate [35] or
spin-chain systems like in Ref. [36], as their physics also
naturally distinguishes a mediating object that is inac-
cessible, e.g. locations of unpaired spins are unknown in
a sample [36]. In a visionary perspective, system C could
even be a gravitational field coupling massive systems A
andB, which are mutually non-interacting. By determin-
ing experimentally the entanglement gain between A and
B one would conclude, according to our scheme, the non-
classical nature of the gravitational field between them.
That is, if we were to embed into the quantum formalism
description of the masses and the field, there would have
to be non-orthogonal states in the Hilbert space of the
field as this is required for the quantum discord DAB|C
to be non-zero.

Conclusions. We have proposed an entanglement-
based criteria for the inference of non-classicality of an in-
accessible object. Our protocols are fully non-disruptive
of the state of the system to probe, and rely on only weak
assumptions on the nature of the interactions involved.
They are also robust against decoherence. These features
make our proposal suitable to address non-classicality at
many levels, from experimentally relevant technological
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platforms such as quantum optomechanics, to fundamen-
tal problems on the nature of gravity.
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Appendix A: Proof of the theorem

Theorem. For three open systems A, B, C with hamil-
tonian H = HAC + HBC and each coupled to its own
local environment, the entanglement satisfies the condi-
tion EA:BC(τ) ≤ EA:BC(0) if DAB|C(t) = 0 at any time
t ∈ [0, τ ].

Proof. Without loss of generality we take the hamiltoni-
ans as HAC = HA ⊗ HC and HBC = HB ⊗ Hγ . The
same steps can be applied to the general hamiltonians
HAC =

∑
µH

µ
A ⊗H

µ
C and HBC =

∑
ν H

ν
B ⊗Hν

γ . As we
are assuming vanishing discord (when C is measured) at
t = 0, we can write the initial state as

ρ0 =
∑
c

pc ρ
c
AB ⊗ |c〉 〈c| . (A1)

After a time ∆t, the evolved state will be isomorphic to
ρ0 and will read

ρ∆t =
∑
c

pc(∆t) ρ
c
AB(∆t)⊗ |φc〉 〈φc| , (A2)

where both {|c〉} and {|φc〉} form orthonormal bases. We
assume local environments inducing Markovian dynam-
ics. The evolution can thus be described by the following
master equation in Lindblad form (which we write, for
convenience, in a coarse-grained time form)

ρ∆t − ρ0

∆t
= −i[H, ρ0] +

∑
X=A,B,C

LXρ0, (A3)

where the last term is the incoherent part of the evolu-
tion resulting from interactions with local environments,
and we have taken (in light of the declared Lindblad

form of the master equation) LXρ0 =
∑
kQ

X
k ρ0Q

X†
k −

1
2{Q

X†
k QXk , ρ0}, where QXk ’s act on system X only. We

now consider the following conditional state

pj(∆t) ρ
j
AB(∆t) = 〈φj | ρ∆t |φj〉

= 〈φj | ρ0 |φj〉 − i∆t 〈φj | [H, ρ0] |φj〉

+∆t
∑

X=A,B,C

〈φj |LXρ0 |φj〉 . (A4)

We go to continuous time by taking ∆t → 0, which im-
plies that all terms proportional to O(∆t2) can be ig-
nored. Therefore, throughout this proof the symbol “'”
should be read as “equal up to O(∆t2)”. In this limit,
the basis states of C can only change as |c〉 → |φc〉 =
αc |c〉 + βc |c⊥〉, with |c⊥〉 orthogonal to |c〉 and βc pro-
portional to ∆t. This implies that |〈c|φj〉|2 ' δcj , and

thus 〈φj | ρ0 |φj〉 ' pjρjAB .
As the commutator in Eq. (A4) is multiplied by ∆t, the

terms in 〈φj | [H, ρ0] |φj〉 proportional to ∆t can already
be ignored. One thus finds that

〈φj | [H, ρ0] |φj〉 ' pj [EjCHA + EjγHB , ρ
j
AB ], (A5)

where EjC(γ) is the mean energy 〈j|HC(γ) |j〉. Hence the

coherent part of the evolution splits into the sum of ef-
fective local interactions.

Next, there are three terms for the incoherent part
of the evolution. The first two are local in A and B
respectively, and they are proportional to

〈φj |LAρ0 + LBρ0 |φj〉 ' pj(LA + LB)ρjAB . (A6)

The last term can be written as

〈φj |LCρ0 |φj〉 '
∑
c

∑
k

pc| 〈j|QCk |c〉 |2ρcAB

− pj
∑
k

〈j|QC†k QCk |j〉 ρ
j
AB . (A7)

Therefore, we obtain the following explicit form of the
conditional state

ρjAB(∆t) '
pj(1−

∑
k 〈j|Q

C†
k QCk |j〉∆t)

pj(∆t)
ρ̃jAB

+
∑
c

pc
pj(∆t)

∑
k

| 〈j|QCk |c〉 |2∆t ρcAB ,(A8)

where we have defined

ρ̃jAB ≡ ρ
j
AB − i[E

j
CHA + EjγHB , ρ

j
AB ]∆t

+ (LA + LB)ρjAB∆t. (A9)

Accordingly, the state ρ̃jAB is obtained from ρjAB by ap-
plying Lindblad master equation describing independent
local evolutions of subsystems A and B. The probabil-
ity pj(∆t) can be recovered by noting that the trace of
Eq. (A8) equals unity. In particular,

pj(∆t) = pj

(
1−

∑
k

〈j|QC†k QCk |j〉∆t

)
+
∑
c

pc
∑
k

| 〈j|QCk |c〉 |2∆t, (A10)

where we have used the cyclic property of trace. Note
that the numbers multiplying states ρ̃jAB and ρcAB in Eq.
(A8) are all non-negative and sum up to unity, i.e. they
form a probability distribution.
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Finally, we have

EA:BC(∆t) =
∑
j

pj(∆t) EA:B(ρjAB(∆t)) (A11)

≤
∑
j

pjEA:B(ρjAB) (A12)

−
∑
j

pj
∑
k

〈j|QC†k QCk |j〉∆t EA:B(ρjAB)

+
∑
j

∑
c

pc
∑
k

| 〈j|QCk |c〉 |2∆t EA:B(ρcAB),

=
∑
j

pjEA:B(ρjAB) = EA:BC(0), (A13)

where the involved steps are justified as follows. In the
first line we use the flags condition [37]. The inequality
follows from applying convexity of the relative entropy
of entanglement to EA:B(ρjAB(∆t)) and next monotonic-
ity of entanglement under local operations and classical
communication EA:B(ρ̃jAB) ≤ EA:B(ρjAB). By inserting∑
c |c〉 〈c| = 11 in between QC†k and QCk in the second

line of (A12) and exchanging dummy indices c↔ j, one
finds that it cancels the third line, giving Eq. (A13). In
the last step we again use the flags condition, this time
to the initial state. The theorem is apparent by evolv-
ing the system successively from t = 0 to τ and having
DAB|C(t) = 0 at anytime t ∈ [0, τ ].

A special case worth noticing is when the three systems
are closed, i.e. we have unitary evolution with hamilto-
nian H = HAC + HBC . In this case, it follows that the
conditional state reads

ρjAB(∆t) =
pj

pj(∆t)
ρ̃jAB , (A14)

where ρ̃jAB = ρjAB − i[EjCHA + EjγHB , ρ
j
AB ]∆t. Tak-

ing the trace of Eq. (A14) gives us pj(∆t) = pj and

ρjAB(∆t) = ρ̃jAB . The conditional state evolves under
effective local unitary transformations, hence entangle-
ment in the partition A : B stays the same. By utilising
the flags condition as in the proof of the theorem given
above, one can show that EA:BC(τ) = EA:BC(0).

Appendix B: A simple criterion based on purity

An elegant criterion for revealing the non-classicality
can be derived in terms of the initial purity of probes.
Here we take the purity to be given by the von Neumann
entropy. Our starting point is Eq. (8) of the main text,
which is here repeated for convenience:

EA:B(τ) ≤ EA:BC(τ) ≤ EA:BC(0). (B1)

We will now bound the initial entanglement EA:BC(0) by
the purity of the probes only. The relative entropy of en-
tanglement is upper bounded by the mutual information

EA:BC ≤ IA:BC [10]. From the sub-additivity of entropy
for the BC subsystem we have IA:BC ≤ SA+SB−SAB|C ,
and as the state of C is assumed to be classical, SAB|C ≥
0, we get EA:BC(0) ≤ SA(0) + SB(0). Accordingly,

EA:B(τ) ≤ SA(0) + SB(0). (B2)

Any violation of this inequality reveals the non-
classicality of C, i.e. non-zeroDAB|C at some time during
the evolution.

Appendix C: Detailed assessment of the
optomechanical application

The hamiltonian of the setup (Fig. 3 in the main text)
in a rotating frame with frequency of the lasers can be
written as H = Hloc +Hint where [16]:

Hloc = ~∆0aa
†a+ ~∆0bb

†b+
~ωc
2

(p2 + q2)

+i~Ea(a† − a) + i~Eb(b† − b) (C1)

and

Hint = −~G0aa
†a q + ~G0bb

†b q, (C2)

where the annihilation (creation) operator of field j =
a, b is denoted by j (j†) with [j, j†] = 1, p and q
are dimensionless quadratures of the membrane with
[q, p] = i, Ej is the driving strength of laser j with
|Ej | = (2Pjκj/~ωlj)1/2, where Pj is the laser power and
ωlj denotes its frequency. κj = πc/2Fj lj is decay rate of
cavity j with finesse Fj . Cavity-laser detuning is defined
as ∆0j ≡ ωj−ωlj , where ωj is the frequency of the cavity
and G0j = (ωj/lj)(~/µωc)1/2 represents field-membrane
coupling strength, where lj is the length of the cavity, µ
is the mass of the membrane and ωc is its natural fre-
quency. Note that Hloc is local in a : b : c partition and
the two terms in Hint represent coupling in the partition
a : c and b : c respectively.

The dynamics of the operators, adding into account
noise and damping terms (also local), can be well written
by a set of Langevin equations in Heisenberg picture

ȧ = −(κa + i∆0a)a+ iG0aaq + Ea +
√

2κa ain

ḃ = −(κb + i∆0b)b− iG0bbq + Eb +
√

2κb bin
q̇ = ωcp

ṗ = −ωcq +G0aa
†a−G0bb

†b− γcp+ ξ (C3)

where γc is damping rate of the membrane. Also
jin is input noise of field j associated with cavity-
input mirror interface and has only correlation function
〈jin(t)k†in(t′)〉 = δjkδ(t − t′) [38], whereas ξ is Brown-
ian noise of the membrane and has correlation function
〈ξ(t)ξ(t′) + ξ(t′)ξ(t)〉/2 ≈ γc(2n̄+ 1)δ(t− t′) in the limit
of interest that is large mechanical quality of the mem-
brane, i.e. ωc/γc � 1 [39, 40]. The mean phonon number
of the membrane reads n̄ = 1/(exp (~ωc/kBT )− 1).
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The linearised Langevin equations can be obtained
by splitting the operators into steady state values and
fluctuating terms. In particular we write q = qs + δq,
p = ps + δp, and j = αs,j + δj. By inserting these into
Eq. (C3) and ignoring nonlinear terms δj†δj and δjδq
one gets a set of linear Langevin equations for the fluc-
tuation of the quadratures

δẋa = −κaδxa + ∆aδya +
√

2κa xin,a

δẏa = −κaδya −∆aδxa +Gaδq +
√

2κa yin,a

δẋb = −κbδxb + ∆bδyb +
√

2κb xin,b

δẏb = −κbδyb −∆bδxb −Gbδq +
√

2κb yin,b
δq̇ = ωcδp

δṗ = −ωcδq − γcδp+Gaδxa −Gbδxb + ξ (C4)

where effective detuning ∆a ≡ ∆0a − G0aqs, ∆b ≡
∆0b + G0bqs, and effective coupling Gj ≡

√
2G0jαs,j .

The steady state values are given by ps = 0, qs =

(G0a|αs,a|2−G0b|αs,b|2)/ωc, and αs,j = |Ej |/
√
κ2
j + ∆2

j .

The quadratures of the field xj and yj are related to
the field operator j through j = (xj + iyj)/

√
2. This

relation also applies for the input noise, i.e. jin =

(xin,j + iyin,j)/
√

2.

For simplicity one can re-write Eq. (C4) as a
single matrix equation u̇(t) = Ku(t) + n(t) where
the vector uT (t) = (δxa, δya, δxb, δyb, δq, δp), n

T (t) =
(
√

2κaxin,a,
√

2κayin,a,
√

2κbxin,b,
√

2κbyin,b, 0, ξ), and

K =


−κa ∆a 0 0 0 0
−∆a −κa 0 0 Ga 0

0 0 −κb ∆b 0 0
0 0 −∆b −κb −Gb 0
0 0 0 0 0 ωc
Ga 0 −Gb 0 −ωc −γc

 . (C5)

The solution to linearised Langevin equation is then
u(t) = M(t)u(0) +

∫ t
0
dsM(s)n(t − s) where M(t) =

exp (Kt).
The quantum state of the fluctuations is fully char-

acterised by covariance matrix Vij(t) ≡ 〈ui(t)uj(t) +
uj(t)ui(t)〉/2−〈ui(t)〉〈uj(t)〉. Note that the Gaussian na-
ture of the initial state is maintained since we have linear
dynamics and the noises involved are zero-mean Gaussian
noises. One can show that the covariance matrix at time
t is V (t) = M(t)V (0)MT (t) +

∫ t
0
ds M(s)DMT (s) where

D = Diag[κa, κa, κb, κb, 0, γc(2n̄+1)]. A more explicit so-
lution of the covariance matrix, after integration, is given
by

KV (t) + V (t)KT = −D +KM(t)V (0)MT (t)

+M(t)V (0)MT (t)KT

+M(t)DMT (t), (C6)

which is linear and can easily be solved numerically. As
mentioned in the main text we take the initial state to

be thermal state for c and coherent state for field j, this
gives V (0) = Diag[1, 1, 1, 1, 2n̄ + 1, 2n̄ + 1]/2. If one is
only interested in steady state solution, it is guaran-
teed when all real parts of eigenvalues of K are nega-
tive, giving M(∞) = 0 such that the steady state covari-
ance matrix can be calculated from a simpler equation
KV (ts) + V (ts)K

T = −D.

The covariance matrix V describing our three-mode
optomechanical system can be written in block form

Vabc =

 Laa Lab Lac
LTab Lbb Lbc
LTac LTbc Lcc

 (C7)

where for j, k = a, b, c the block component Ljk is a 2×2
matrix describing local mode correlation when j = k and
intermodal correlation when j 6= k. An N -mode covari-
ance matrix has symplectic eigenvalues {νk}Nk=1 that can
be computed from the spectrum of matrix |iΩNV | [41]
where

ΩN =

N⊕
k=1

(
0 1
−1 0

)
. (C8)

For a physical covariance matrix 2νk ≥ 1 [42]. For an
entangled system, e.g. in the partition ab : c, the co-
variance matrix will not be physical after partial trans-
position with respect to mode c (this is equivalent to
flipping the sign of the membrane’s momentum fluctua-
tion operator δp in V ). For our system, this unphysical
V Tc is shown by one of its three symplectic eigenvalues
ν̃min < 1/2. Entanglement is then quantified by loga-
rithmic negativity as follows Eab:c = max[0,− ln (2ν̃min)]
[43, 44]. Note that the separability condition, when V Tc

has ν̃min ≥ 1/2, is sufficient and necessary for 1 : N
mode partition [45]. Entanglement Ea:b is calculated in
similar manner by only considering system ab where the
covariance matrix is now

Vab =

(
Laa Lab
LTab Lbb

)
. (C9)

For our calculations we vary laser power Pj and laser-
cavity detuning ∆j . Other parameters have been fixed
such that this setup is viable with present-day technology
[18]. This includes µ = 145 ng, T = 300 mK, lj = 25 mm,
and (ωc, ωlj , γc) = 2π(947 × 103, 2.8 × 1014, 140) Hz. Fi-
nesse of each cavity is 1.4× 104.

The dynamics of entanglement quantified by logarith-
mic negativity is shown in Fig. 4 in the main text. It
is clear that nonzero Ea:b(t) implies non-classicality of
the membrane. If one is interested only in the steady
state regime, Fig. 5 shows the corresponding entangle-
ment Ea:b while Eab:c is zero in this range (not shown).
Note that red colour has been used in the plots for pa-
rameters that do not correspond to steady state solution.
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FIG. 5. Steady state entanglement for varying values of Pb,
in units of 100 mW, and ∆b, in units of the natural frequency
of the membrane ωc.
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